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Abstract-This paper 1s concerned with the dtierence equations of the form 
y(t) -y(t-7) +p(t)Y(t- (Tl) - q(t)y(t - 02) = 0 
Sufficient condltlons for all solutions of this equation to be oscillatory are obtamed @ 2001 Elsevler 
Science Ltd All rights reserved 
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1. INTRODUCTION 
Recently, difference equations with contmuous arguments 
y(t) - y(t - T> + &4t)Y(t - 0%) = 0 
z=l 
have been mvestlgated, see [l-6] The known results \are only for the case that pz, z = 1,2, , n 
are nonnegative 
In this paper, we consider the difference equation of the form 
y(t) - ?/(t - T) + p(t)y(t - Cl> - q(t)y(t - 02) = 0, (1) 
where p, q E C(R+, R+), IT~ > 02 > T > 0 To the best of our knowledge, there are no oscillation 
criteria for (1) up till now 
By a solution of (1)) we mean a contmuous function y E C( [to - max(T, 01, og), oo), R) which 
satisfies (1) for t L to A solution y(t) of equation (1) 1s said to be oscillatory if It 1s neither 
eventually posltlve nor eventually negative Otherwise, the solution 1s called nonosclllatory 
2. MAIN RESULTS 
Let R(t) = p(t) - q(t + 02 - ol), RI(~) = mm-+ss~t R(s) 
The followmg 1s the mam result 
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THEOREM 1 Assume that 
(1) R(t) > 0, $“Oy q(s + 02) ds I 7, eventually, hmsup,,, Rl(t) > 0, 
(n) every solution of the dlflerence quation 
Z(t) - z(t - T) + Rl(t)z(t - 01) = 0 (2) 
is oscillatory 
Then every solution of (1) IS oscillatory 
To prove this theorem, we first prove the followmg lemmas 
LEMMA 1 Assume that (1) m Theorem 1 holds Let y(t) b e an eventually positive solution of (1) 
dnd 
t t-q 
z(t) = 
s 
Y(S) ds - 
I 
q(s+ o~)Y(s)~s (3) 
t--T t-c71 
Then 
z(t) - z(t - T) + Rl(t)z(t - 0.1) I 0 
and z(t) > 0, t’(t) 5 0 eventually 
PROOF In view of (3), we have 
(4) 
Z'(t) = y(t) - y(t - 7) - q(t)y(t - 02) + q(t + g2 - a1)y(t - g1) = -R(t)Y(t -ad < 0 (5) 
If z(t) < 0 eventually, then there exist a large T and a posltlve number 1 such that z(t) < -1 < 0, 
for t 2 T From (3), there exists < E [t - 7, t] such that 
I 
t-02 
Y(E)7 < -1 + q(s+az)ds max 
[t--l,t---ozl 
y(s) 
> 
5 
t - T to 
I 
t 
z(t) - z(t - 7) + R(s)y(s - ol) ds = 0 
Hence 
s 
t 
z(t) - z(t - T) + RI(~) y(s - ol) ds < 0 
t--r 
By (3), we obtain s,“_, y(s - ~1) ds 2 z(t - (~1) Therefore, (4) holds 
LEMMA 2 Under the assumptions of Lemma 1, if (1) has eventually positive solutions, then (2) 
has eventually positive solutions 
PROOF By Lemma 1, if y(t) IS a posltlve solution of (l), then z(t) defined by (3) satisfies 
llmt+oo z(t) = a 2. 0 It 1s easy to see that the condltlon hmsup,,, RI(~) > 0 lmphes that 
a = 0 Summing (4)) we have 
~R1(t+p)z(t+3r - g1) I z(t), tlT 
3=1 
(7) 
Define a set X by 
X = {z E C ([T,cc+,R+) 0 5 z(t) 5 z(t), t 2 T} 
Class of Difference Equations 
and an operator S on X as follows. 
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{ 
E Rl(t + 37)z(t + 37 - a), tLT+al-T, 
S%(t) = 2=1 
Ss(T+q--7)+z(t)--z(T+ar+, TltlT+q-T 
From (7)) it 1s easy to see that SX c X 
By the defimtlon of S and (7), S 1s a monotone operator 
Define a sequence as follows 
x0(t) = z(t), &I(t) = (&z-l)(t), n = 1,2, 
Then 0 2 zn(t) 5 x+1(t) 5 z(t), t 2 T, and the hmlt hm 7L+oo zn(t) = z(t) exists Clearly, x(t) 
is a nonnegatlve solution of (2) 
We claim that z(t) IS an eventually posltlve solution In fact, x(t) > 0, for t E [T, T + ~1 - 7) 
Let 
t* = mf{t 2 T + 61 - 7 z(t) = 0}, 
1 e , z(t) > 0, for t E [T, t*) and x(t*) = 0 Then 
z(t*) = g RI@* + 37)2(t* + 37 - a) 
pl 
>R~(t*+T)2(t*+T--cq)>O 
This contradlctlon proves that z(t) is an eventually positive solution of (2) 
PROOF OF THEOREM 1 Suppose to the contrary, let y(t) be an eventually positive solution 
of (1) Then, by Lemma 2, (2) has an eventually posltlve solulxon, which contradicts (n) The 
proof 1s complete 
By this theorem, we can derive some osclllatlon crlterla for (1) 
COROLLARY 1 Assume that (I) of Theorem 1 holds, let &(t) = mmt_,<s<t RI(S) If -- 
cr=hmmfi 
s 
t 1 
t+cO 7- t-ul+T 
Rz(s)ds > ;7 
or (Y 5 l/e and 
lim sup 1 I 
t 
&(s)ds > 1 - 
l-a-d/1-2a-a2 
2 
7 
then every solution of (1) IS oscillatory 
Define a set of real numbers as follows 
E = {X > 0 11 -AR(t) > 0, 
COROLLARY 2 Assume that (1) of Theorem 1 holds, 
0 E [0, T), there exists a posnbve number T such that 
eventually} 
u1 = mr + 8, m is a positive integer, 
m-1 
sup 
XEE,t>T 
x n (1 - XR2(t - 27)) < 1, 
2=1 
then every solution of (1) IS oscillatory 
In fact, condltlons of Corollary 1 imply condltlons of Corollary 2 m [4] hold Hence, every 
solution of (2) 1s oscillatory Condltlons of Corollary 2 imply assumptions of Theorem 2 1 m [5] 
hold Hence, every solution of (2) 1s oscillatory Then the conclusion of Corollaries 1 and 2 follow 
from Theorem 1 
If 01 - 02 2 kT, k 1s a posltlve integer, then condltlons of Theorem 1 can be improved 
Let 
qk(t) = mm 
t-ks<s<t-(k-1)s 
Q(S) 
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LEMMA 3 Assume Condltlon (1) of Theorem 1 holds and gl- 02 2 kr Let y(t) be an eventually 
positive solution of (1) and z(t) be defined by (3) Then 
I 
t 
t--T 
y(s) ds L z(t) + 2 q2(t)z(t - 02 - (2 - 1)7-) 
z=l 
(8) 
PROOF In fact. 
s t--o2 s t-CT.2 q(s + az)y(s) ds 2 q(s + 02)y(s) ds t-q t--02-kr 
ds + a2)~ts) ds 
L &t)z(t - 02 - (2 - lb) 
2=1 
Substltutmg the above mequahty mto (3), we obtain (8) 
Slmllar to Theorem 1, we can prove the followmg result 
THEOREM 2 Assume that (1) of Theorem 1 holds and 01 - 02 2 kr, k IS a positive integer 
Then every solution of 
z(t) - z(t - 7) + &(t)z(t - c71) + 5 J%(t)q,(t - a&o - 01 - 02 - (2 - 1)T) = 0 
a=1 
(9) 
1s oscillatory and implies the same for equation (1) 
REMARK 2 We can use the known osclllatlon criteria for (9) [1,3,4] to obtam osclllatlon crlterla 
for (1) 
Since z(t) IS decreasing, we have the followmg 
COROLLARY 3 Assume that (1) holds and CT~- 02 > kr, k IS a positive mteger If every solution 
of the difference equation 
z(t) - z(t - T) + I&(t) 
( 
1+ J&t -al) 
) 
z(t - 01) = 0 PO) 
z=l 
IS oscillatory, then every solution of (1) IS oscillatory 
REMARK 3 Flom the Proof of Lemma 2, we can obtain comparison theorem for equation (2) 
That is, If ii1 (t) > RI(~), then every solution of (2) 1s oscillatory Implies the same for the equation 
z(t) - z(t - 7) + &(t)z(t - 01) = 0 (11) 
REMARK 4 The key idea m Lemma 3 1s of iterative method We can repeat this iterative 
procedure to improve the estlmatlon m (8) 
For example, from the Proof of Lemma 3, 
Substltutmg (8) into (12), we have 
Class of Difference Equations 
I 
t-a2 
z(t - 02 - (z - lb) 
t-u, 
k 
+ &(t - cr2 - (2 - 1)7)z(t - 202 - 2(2 - 2=1 1>q 1 
Substrtutmg (13) mto (3), we have 
J t y(s) ds 2 z(t) + )y&(t) z(t - 02 - (2 - 117) t-T 2=1 [ 
k 
+ c q$(t - 02 - (z - 1)7).z(t - 202 - 2(2 - 2=1 1)7) 1 
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(13) 
(14) 
Slmllar to the Proof of Theorem 1, equation (9) can be replaced by 
k r 
r(t) - z(t - T) -k &(t)z(t - al) + c &(t)q,(t - Cl> z(t - 01 - c7’2 - (2 - lb-1 
2=1 I 
-t&&-o1 1 
(15) 
- 62 - (z - 1)7)z(t - 01 - 202 - 2(2 - 1)7) = 0 
$=I 
Clearly, If every solution of (9) 1s osallatory, then every solution of (15) 1s oscillatory 
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